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The goal of this paper is to present the following multidimensional category theorem for
double sequences via four-dimensional matrix transformations. The set of second category
double subsequences of the double sequence (sk,l) is summable by a four-dimensional RH-
regular matrix A = (am,n,k,l) if and only if (sk,l) is P-convergent. This theorem is established
using multidimensional sliding hump constructions for bounded and unbounded doubles
sequences.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Recently, Mursaleen andMohiuddine [1] characterized RH-conservative using P-convergent double sequences. The goals
of this paper include the characterization first and thus second category double sequences via RH-regular matrices. This
type of multidimensional characterization grants us the following necessary and sufficient condition to ensure that a set
of double subsequences is of the second category. The set of second category double subsequences of the double sequence
(sk,l) is summable by a four-dimensional RH-regular matrix A = (am,n,k,l) if and only if (sk,l) is P-convergent.
2. Definitions, notations and preliminary results
In 1900, Pringsheim [2] presented the following two notions of converges of a double sequence. First, a double sequence
x = (xk,l) has the Pringsheim limit L (denoted by P-lim x = L) provided that given ϵ > 0 there exists N ∈ N such thatxk,l − L < ϵ whenever k, l > N . Such an x is describe more briefly as ‘‘P-convergent’’. Also, a double sequence x is called
definite divergent, if for every (arbitrarily large) G > 0 there exist two natural numbers n1 and n2 such that
xn,k > G for
n ≥ n1, k ≥ n2. Based on this notion of convergence and divergence Patterson in 2000 presented the following notion of
subsequence of a double sequence. The double sequence y is a double subsequence of x provided that there exist increasing
index sequences (nj) and (kj) such that if xj = xnj,kj , then y is formed by
x1 x2 x5 x10
x4 x3 x6 −
x9 x8 x7 −
− − − −.
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Note, a double sequence x is bounded if and only if there exists a positive numberM such that
xk,l < M for all k and l.
In 1926 Robison presented the following four-dimensional analog of regularity for double sequences in which he added an
additional assumption of boundedness. This assumption was made because a double sequence on which is P-convergent is
not necessarily bounded.
Definition 2.1 (Robison [3]). The four-dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent
sequence into a P-convergent sequence with the same P-limit.
Using this definition Hamilton and Robison presented the following four-dimensional matrix characterization of double
sequences.
Theorem 2.1 (Hamilton [4], Robison [3]). The four-dimensional matrix A is RH-regular if and only if
RH1: P-limm,n am,n,k,l = 0 for each k and l;
RH2: P-limm,n
∑∞,∞
k,l=1,1 am,n,k,l = 1;
RH3: P-limm,n
∑∞
k=1
am,n,k,l = 0 for each l;
RH4: P-limm,n
∑∞
l=1
am,n,k,l = 0 for each k;
RH5:
∑∞,∞
k,l=1,1
am,n,k,l is P-convergent;
RH6: there exist finite positive integers A and B such that
∑
k,l>B
am,n,k,l < A.
A number β is called a Pringsheim limit point of the double sequence x = (xk,l) provided that there exists a subsequence
y = (yk,l) of (xk,l) that has the Pringsheim limit β : P- lim yn,k = β . With this definition we can finally present a
complementary notion of P-divergent double sequences, that is, a double sequence x is divergent in the Pringsheim sense
(P-divergent) provided that x does not converge in the Pringsheim sense (P-convergent).
Using the above definition Patterson in [5] established the following theorem.
Theorem 2.2. If A is an RH-regular matrix, then there exists a double sequence x consisting only of 0’s and 1’s which is not
A-summable.
As a corollary to this theorem, we have the following:
Corollary 2.1. If A is an RH-regular matrix, then A cannot sum every bounded double sequence.
The following is a definition of double binary decimal expansion.
Definition 2.2. Let δ = .a1a2a3 . . . and δ′ = .b1b2b3 . . . , each of which is a non-terminating binary decimal expansion.
(sm,n(δ, δ′)) shall denote the double subsequence obtain from (sm,n) by selection sk,l if and only if there is a 1 in the k-th
and the l-th place in the expansion of δ and δ′, respectively, where both indices are selected in a Pringsheim sense, and
the double sequences are constructed in accordance to the method presented in [5]. We shall denote this double sequence
selection as ρ.
In 1978 Moddox presented the following notions of category in [6].
Definition 2.3. Let S be topological space and T a subset of S. Then T is of the first category if and only if it can be expressed
as a countable union of nowhere dense sets.
Definition 2.4. Let T is of the second category if and only if it is not of the first category.
3. Main results
Theorem 3.1. The set of second category double subsequences of the double sequence (sk,l) is summable by a four-dimensional
RH-regular matrix A = (am,n,k,l) if and only if it is P-convergent.
Proof. The proof of the necessary part clearly follows in the following manner. If (sk,l) is P-convergent, the same is true of
every double subsequence and so every double subsequence is A-summable, because A is RH-regular.
The sufficiency part of this proof will be establish by proving the following statement. If the double sequence (sk,l) is P-
divergent and A is RH-regular then the set of double subsequences which are A-summable is of the first category. First, let us
consider the case where (sk,l) is bounded. Without loss of generality wemay assume that A is pairwise row finite. With such
four-dimensional matrices Theorem 2.2 ensures that there exists a double sequence of 0’s and 1’s that is not A-summable,
let us denote such a double sequence by (vp,q). Therefore
P- lim sup
m,n
−
p,q
am,n,p,qvp,q

−

P- lim inf
m,n
−
p,q
am,n,p,qvp,q

> δ.
1682 R.F. Patterson, E. Savas / Applied Mathematics Letters 24 (2011) 1680–1684
We will now prove that there exists∆ > 0 such that the set D of ρ satisfying
P- lim sup
m,n
Tm,n(ρ)

−

P- lim inf
m,n
Tm,n(ρ)

> ∆ (3.1)
is everywhere dense, where Tm,n(ρ) denotes the four-dimensional A-transform of the double sequence (sk,l(ρ)). Let
P- lim sup
k,l
sk,l = M and P- lim inf
k,l
sk,l = L.
In addition, let us consider the following double sequence
s′k,l =
sk,l − L
M − L ; for k, l = 1, 2, 3, . . . .
Therefore
P- lim sup
k,l
s′k,l = 1 and P- lim infk,l s
′
k,l = 0.
Now let us choose a double subsequence (s′kp,lq) of (s
′
k,l) such that
P- lim
p,q
(vp,q − s′kp,lq) = 0. (3.2)
Moreover, there are many such subsequences and s′kp,lq may be chosen such that k1, l1 > N for any N . Thus, given χ and φ
we can select a double subsequence (s′αp,βq) of (s
′
p,q). We can chose k1, l1 > αχ−1, βφ−1 and (s′πp,λq) or
s′α1,β1 s
′
α1,β2
s′α1,β3 s
′
α1,β4
· · · s′α1,βφ−1 s′α1,lq · · ·
s′α2,β1 s
′
α2,β2
s′α2,β3 s
′
α2,β4
· · · s′α2,βφ−1 s′α2,lq · · ·
s′α3,β1 s
′
α3,β2
s′α3,β3 s
′
α3,β4
· · · s′α3,βφ−1 s′α3,lq · · ·
s′α4,β1 s
′
α4,β2
s′α4,β3 s
′
α4,β4
· · · s′α4,βφ−1 s′α4,lq · · ·
...
...
...
...
...
...
... · · ·
s′αχ−1,β1 s
′
αχ−1,β2 s
′
αχ−1,β3 s
′
αχ−1,β4 · · · s′αχ−1,βφ−1 s′αχ−1,lq · · ·
s′kp,β1 s
′
kp,β2 s
′
kp,β3 s
′
kp,β4 · · · s′kp,βφ−1 s′kp,lq · · ·
...
...
...
...
...
...
...
. . .
is a double subsequence of (sk,l) and satisfies Eq. (3.2). It should be noted that the first α1 − 1 rows and the first β1 − 1
columns can be any values. Therefore we have an everywhere dense set of subsequences that satisfies Eq. (3.2). Since A is
RH-regular we have the following for both lim inf and lim sup.
P- lim sup
m,n
−
m,n
am,n,k,lsπp,λq = P- lim sup
m,n
−
m,n
am,n,k,l((M − L)s′πp,λq + L)
= P- lim sup
m,n
−
m,n
am,n,k,l((M − L)vp,q + L).
Therefore
P- lim sup
m,n
−
m,n
am,n,k,lsπp,λq

−

P- lim inf
m,n
−
m,n
am,n,k,lsπp,λq

= (M − L)

P- lim sup
m,n
−
m,n
am,n,k,lvp,q − P- lim inf
m,n
−
m,n
am,n,k,lvp,q

> (M − L)δ.
The double sequence (sπp,λq) with ∆ = (M − L)δ is an everywhere dense double subsequence that satisfies Eq. (3.1). Now
let S ′k,l denote the set of ρ such that
|Tm,n(ρ)− Tm¯,n¯(ρ)| ≤ Λ
form, m¯ > k and n, n¯ > l. If ρ is a P-limit point of S ′k,l;m, m¯ > k and n, n¯ > l and am,m¯,k,l = 0 for k > km and/or l > lm¯, we
can find a ρ ′ ∈ S ′k,l such that
|ρ ′ − ρ|
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defines the following order pairs
(0, 0) (0, 0) · · · (0, 0) (1, lm¯) (1, lm¯ + 1) · · ·
(0, 0) (0, 0) · · · (0, 0) (2, lm¯) (2, lm¯ + 1) · · ·
...
...
...
...
...
...
...
(0, 0) (0, 0) · · · (0, 0) (km, lm¯) (km, lm¯ + 1) · · ·
(0, 0) (0, 0) · · · (0, 0) (km + 1, lm¯) (km + 1, lm¯+1) · · ·
(km + 2, 1) (km + 2, 2) · · · (km + 2, lm¯ − 1) (km + 2, lm¯) (km + 2, lm¯ + 1) · · ·
...
...
...
...
...
...
....
Thus, we have the following
|Tm,n(ρ)− Tm¯,n¯(ρ)| − |Tm,n(ρ ′)− Tm¯,n¯(ρ ′)| ≤ ∆,
and since this will be true for all m, m¯ > k, n, n¯ > l, and ρ ∈ S ′k,l we are granted that S ′k,l is a closed set. Let Sk,l denote the
complement of S ′k,l, that is, the set such that there existm, m¯ > k; n, n¯ > l that yields
|Tm,n(ρ)− Tm¯,n¯(ρ)| > ∆.
Observe that Sk,l is open and since it is in D it is everywhere dense. If ρ ∈ ∩∞,∞k,l Sk,l, then (sk,l(ρ)) is not A-summable.
Therefore the set of A-summable double sequences is contained in ∪∞,∞k,l C(Sk,l), and so is of the first category.
Suppose (sk,l) is unbounded, then there are two cases to consider. First (am,n,k,l) has infinitely many pairwise rows of
finite length, in such a case we can choose strictly increasing indices (ik), (jk), (pl), and (ql) such that aik,jk,1,ql is the last
non-zero entry in the pairwise (ik, jk)-th row note the last term is with respect to the double sequence construction in [5].
We can now construct a subsequence (sαn,βn) starting with the given block of terms
sk1,l1 sk1,l2 · · · sk1,lφ
sk2,l1 sk2,l2 · · · sk2,lφ
...
...
...
...
skχ ,l1 skχ ,l2 · · · skχ ,lφ
choosing the remaining terms such that
P- lim
k
1
k2

ik,jk−
p,q=1,1
aik,jk,p,qsαp,βq
 = ∞.
The set E ′ of all double subsequences that satisfies this condition is everywhere dense. Thus, let Tm,n denote the set of ρ such
that there exist µ, ν > k for which
1
µν
|ti,j,µ,ν(ρ)| > 1.
Then Tm,n contains E ′ and since there is only a finite number of terms in each of the (iµ, jν)-th pairwise rows of (am,n,k,l),
Tm,n is open and thus this part of the proof is completed by the above argument. Now the final case, there are no pairwise
rows of finite blocks after the (m0, n0)-th pairwise row. Starting with the following block
sk1,l1 sk1,l2 · · · sk1,lφ
sk2,l1 sk2,l2 · · · sk2,lφ
...
...
...
...
skχ ,l1 skχ ,l2 · · · skχ ,lφ .
We can choose a double subsequence (sαk,βl) of (sk,l) picking the terms after sk,l such that
|am,n,k,l|2|sαk,βl | > 2|am,n,k,l| for allm > max{m0, p}; n > max{n0, q}
with k = p+ 1, . . . ,m; l = q+ 1, . . . , n. Therefore, ifm > m0 and n > n0 we have the following
P- lim sup
k,l
|am,n,k,lsαk,βl | > 1,
thus the set of double subsequences F ′ satisfying the above inequality for all sufficiently largem and n is everywhere dense.
Now let Um,n denote the set of ρ such that there existµ, ν > k, µ¯, ν¯ > l for which |aµ,ν,µ¯,ν¯sµ¯,ν¯(ρ)| > 1. Then Um,n contains
F ′ and is open. If ρ ∈ ∩∞,∞m,n=1,1 Um,n then (sk,l(ρ)) is not A-summable. The set of A-summable double sequences are thus
contained in ∪∞,∞m,n C(Um,n) and are therefore of the first category. This completes the proof of the theorem. 
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